For a set function G on an atomless finite measure space (X, ®, m), we define the subgradient, conjugate set of © and conjugate functional of G. It is proved that a minimization problem of set function G has an optimal solution if and only if the Lagrangian on @ X L,(X, ©, m) has a saddle point (Q o , f 0 ) such that
Introduction
The mathematical programming of a set function was first studied by Morris [5] , [6] . The authors investigated the minimization problem for a set function in [3] and proved that the Fenchel duality theorem holds for set functions, where we have defined the conjugate set of a o-algebra and the conjugate functional of a convex set function. In this note we ask what relations hold between the original set function and the conjugate functional in mathematical programming. This question has been investigated by Scott and Jefferson [8] [9] [10] for several functionals. In this note our main result will investigate a convex set function in mathematical programming. It is related to convex integral functions on L x , see Rockafellar [7] .
Let (X, ®, m) be a finite atomless measure space and G be a convex set function from © to R, the real numbers. We consider an optimization problem as follows MinimizeG(fi).
(l.l) [2) Optimization of convex set functions 131
The existence of a solution of (1.1) is essentially related to its conjugate functional G* defined on the conjugate set @*. In this note, we prove that the minimal point ft 0 of (1.1) satisfies G(£2 0 ) = inf ae@ L(fi; / 0 ) for some / 0 E @* if and only if (J2 0 , / 0 ) is a saddle point of the Lagrangian L(B; / ) . For this purpose, we begin with some definitions about the subdifferential, conjugate set and conjugate functional of a convex set in Section 2. Section 3 is the main part of this note.
Conjugate functional and subdifferential
Throughout this note, we assume that {X, @, m) is a finite atomless measure space and G is a convex set function from a o-algebra © to R (for the definition, see [3] ). We define a subgradient of the set function G as follows. We call this set a subdifferential of G at fi 0 . / / 9G(Q 0 ) ¥= 4>, then G is said to be subdifferentiable at J2 0 .
If the set function G is convex and differentiable at Q o (see [3] ), then where/ 0() = £>G(fi 0 ) denotes the derivative of G at fl 0 . As G is differentiable at a point, fi 0 E ©, then S2 0 is a minimal of G on © if and only if for any £2 E ©,
From the definition of subgradient at fl 0 , it is evident that fi 0 is the minimal of the functional G(fi) -</, Xc>-In order to induce the Lagrangian of a set function G, we have to define the conjugate set and conjugate functional with respect to G.
which is defined by 
Evidently, G* is a convex function (see [3] ) and for any fie®,
DEFINITION 3. 77ie subdifferential of a conjugate functional G* at a point f 0 £ @* is defined to be a subfamily of measurable subset in @:
Note that if (X, ©, m) is a finite atomless measure space then the conjugate transform for the set exists (cf. [3] ). Throughout this paper we assume that (X, @, m) is a finite atomless measure space.
By the definition of the conjugate functional, we have Young's inequality:
for any J2 £ © and / £ ©*. The question arises whether or not the equality in (2.7) holds. We would give the answer as follows. 
Characterization for the optimality of a set function
We define a function on © X L,(*. ©, w) by
This function L(Q; / ) may be called Lagrangian. We would show that L(Q; / ) has a saddle-point property. The following theorem is essential in this paper. In fact, the equivalence of (i) and (ii) follows from Theorem 5, and the equivalence of (ii) and (iii) follows from Corollary 6. Therefore (i), (ii) and (iii) are equivalent.
Examples
Let X be an infinite compact subset of R", © a family of Lebesgue measurable subsets of X, and let m be the Lebesgue measure on R". Then (A', ©, m) is an atomless finite measure space. We consider the following problem. 
MinimizeG(fl) = [ g(x) dm

= (g(x)dm-J [f(x)-g(x)]dm.
Then by straightforward calculation, one sees that the equivalent relations of Theorem 7 hold.
Additional remark
There are a variety of interesting applications of the set function optimization problem. These include applications in fluid flow [1] , electrical insulator design [2] and optimal plasma confinement [11] .
